The rest-frame instant form of the positive-energy part of the open Nambu string is developed. The string is described as a decoupled non-local canonical non-covariant Newton-Wigner center of mass plus a canonical basis of Wigner-covariant relative variables living in the Wigner 3-spaces. The center of mass carries a realization of the Poincare' algebra depending upon the invariant mass and the rest-spin of the string, functions of the relative variables. A canonical basis of gauge invariant Dirac observables is built with Frenet-Serret geometrical methods. Some comments on canonical quantization are made.
I. INTRODUCTION
The recently developed parametrized Minkowski theories [1] [2] [3] allow one to give a unified description of isolated relativistic systems (particles, strings, fluids, fields) admitting a Lagrangian description both in inertial and non-inertial frames of Minkowski space-time. A basic tool is the family of admissible 3+1 splittings of Minkowski space-time [3] (i.e. a convention for clock synchronization identifying the instantaneous 3-spaces [2] ) and the use of radar 4-coordinates adapted to a time-like observer. In this way it is possible to show that the transition from a non-inertial frame to every other frame is a gauge transformation: as a consequence special relativistic physics is not influenced by the choice of the clock synchronization convention and by the choice of the 3-coordinates on the instantaneous 3-space (only the appearance of the phenomena is changed).
In particular we can define the inertial rest-frame instant form of dynamics of every isolated system by considering a 3+1 splitting whose instantaneous 3-spaces are orthogonal to the conserved 4-momentum of the isolated system: it corresponds to the intrinsic inertial rest frame centered on an inertial observer 1 . In this formulation there is a complete understanding and classification [4, 5] of the collective relativistic 4-variables (canonical non-covariant Newton-Wigner center of mass, non-canonical covariant Fokker-Price center of inertia, noncanonical non-covariant Møller center of energy) for any isolated system. They can be built by using only the ten Poincare' generators of the isolated system (since the generators are non-local quantities knowing the whole instantaneous 3-space, also the collective variables are non-local quantities). It turns out that every isolated system can be described as a decoupled non-covariant point particle (corresponding to the Newton-Wigner center of mass) carrying a pole-dipole structure, i.e. the invariant mass M and the rest spin S of the system. Associated with this non-covariant non-local 2 particle there is an external realization of the Poincare' algebra (its Lorentz boosts induce Wigner rotations on Wigner spin-1 3-vectors inside the instantaneous Euclidean 3-spaces, named Wigner 3-spaces). Inside these Wigner 3-spaces the dynamics of the isolated system is described by Wigner-covariant relative variables. The quantities M and S are functions only of these relative variables and moreover they are the energy and the angular momentum of a unfaithful inner realization of the Poincare' algebra, whose generators are determined by the energy-momentum tensor of the system. It is unfaithful because the inner 3-momentum vanishes: this is the rest-frame condition identifying the rest frame. The (interaction-dependent) inner Lorentz boosts depend on the inner 3-center of mass, canonically conjugate to the vanishing inner 3-momentum, inside the 3-space. In order not to have a double counting of the center of mass (external, inner) we must eliminate this variable by means of a statement on the inner Lorentz boosts. If we ask for the vanishing of the inner Lorentz boost, it turns out that the inner center of mass is at the origin of each instantaneous 3-space and that the world-line of the inertial observer on which the rest frame is centered is the Fokker-Price covariant center of inertia.
Previously we have done a detailed study of the rest-frame instant form of the isolated system composed of N positive-energy charged scalar particles plus the electro-magnetic field 1 See Ref. [3] for the non-inertial rest frames and for the associated non-inertial rest-frame instant form of dynamics. 2 No one can observe it, so that its non-covariance is irrelevant. It is a notion like the wave function of the universe. [4] [5] [6] . In this paper we want to extend this study to the open Nambu string [7] (the closed one could also be studied with these methods). As a byproduct of this description we will be able to find a complete canonical set of classical Dirac observables for the Nambu string, a result which was till now missing (see Ref. [8] for previous attempts).
As a consequence, the final description of the open Nambu string consists of a decoupled non-covariant canonical center of mass carrying an invariant mass M and a rest-frame spin S functions only of the Dirac observables. The final Poincare' algebra is the external one of a point-like particle: it depends upon M and S , whose Poisson brackets are {M,S i } = 0 and {S i ,S j } = ǫ ijkSk . In terms of the canonical basis of Dirac observables we have a non-linear realization of an O(3)-algebra with generatorsS i , like in a 3-dimensional σ-model, plus a O(3)-scalar invariant mass M (a non-linear functional of the Dirac observables). Therefore we have an implementation of the old approach of Ref. [9] in terms of the rest-frame instant form of dynamics, in which the world-sheet 4-coordinates are derived quantities (in general they are not canonical quantities, but the analogue of predictive coordinates as shown in Ref. [4] , where one can find the relevant bibliography).
In Section II we review the standard action of the open Nambu string and some technical points connected with the fact that its endpoints move along null curves in Minkowski spacetime, so that the coordinates of the orthogonal gauge (OG) are singular there [10] . Then we review the reformulation of the open string given in Ref. [11] (see Ref. [12] for the closed string)with the needed distributions, whose expression can be found in Appendix A.
In Section III we reformulate the open string as a reparametrized Minkowski theory, which allows to describe the part of the spectrum with positive energy. Only the transversality first class constraints are present in this formulation, because the mass shell constraints are absent due to the different canonical variables, parametrizing the string, introduced after an admissible 3+1 splitting of Minkowski space-time.
Then in Section IV we define the rest-frame instant form of the positive energy open string.
In Section V we identify a Frenet-Serret (FS) canonical basis adapted to the transversality constraints by means of a Shanmugadhasan canonical transformation. The Dirac observables turn out to be action-angle variables. Also a set of Lorentz-scalar Dirac observables, not depending on angles but on the FS curvature and torsion of the open string, is identified, but the associated canonical basis is not explicitly known.
In Section VI we show how to replace the action-angle variables with oscillators.
In the Conclusions, after some comments on previous attempts to find Dirac observables of the string and a consistent quantization in D = 4 dimensions, we discuss which are the problems one will face in attempting to quantize the Dirac observables of a FS canonical basis. Even if the quantization problem is still completely open 3 , the classical geometrical problems are finally understood.
II. A REVIEW OF THE NAMBU ACTION OF THE OPEN STRINGS AND OF THE PROBLEMS CONNECTED WITH THE END POINTS
In this Section we discuss the kinematical problems arising from the fact that the end points of the open string move on null surfaces. These items are usually ignored, but they are relevant for the choice of the symplectic structure in phase space.
Let us consider the action for the open Nambu string [7] ( = c = 1; the metric is η µν = (+ − −−)) in the notation of Ref. [10] (see also Refs. [8, 11, 12] ) 1) where
/∂λ, and
2)
The condition −h ≥ 0 means that the surface swept by the string in the space-time is everywhere time-like or null (i.e. it is a causal surface). The strip 0 < λ < π is mapped in the world-sheet spanned by the string in Minkowski space, which is described by the coordinates x µ (τ, λ) in an arbitrary inertial frame.
Let us define the following two quantities
where P µ is the canonical momentum, which satisfies the identities
At the Hamiltonian level we get the usual first class constraints
The Hessian matrix is [10] 
The 4-vectorsẋ µ (τ, λ) and x ′ µ (τ, λ) are the null eigenvectors of the Hessian matrix for every value of λ except the end values λ = 0, π 4 . The non-null eigenvalues are degenerate for λ = 0, π, and are equal to
. The non-null eigenvectors ζ µ ǫ (τ, λ), with ǫ = 1, 2, are orthogonal toẋ µ and x ′ µ , i.e. to the world-sheet, and so they are space-like.
The variational principle for the action (2.1), with the variations 6) and gives the following Euler-Lagrange equations and boundary conditions (
Only two of the equations (2.7) are independent, for λ = 0, π, since we have the Noether
The boundary conditions in Eqs.(2.7) have been studied in detail in Refs. [13, 14] , where it is shown that in regular coordinates, corresponding to a parametrization of the string world-sheet such that the tangent vectors x ′ µ (τ, λ) andẋ µ (τ, λ) do not vanish and are independent, it amounts in requiring
The existence of the two null eigenvalues, and of the first class constraints, is connected to the τ, λ reparametrization invariance of the action; that is the action is invariant under the following transformations
where the last formula expresses the fact that x µ (τ, λ) is scalar under reparametrization.
As stressed by the authors of Refs. [13, 14] , the requirement of regular coordinates is crucial for a consistent action principle. The restriction from (2.10) to (2.11) is due to the requirement that a variation of the boundaries must not violate the condition −h ≥ 0.
Instead in the frequently used orthogonal gauge (OG) is defined by a choice of parameters which satisfy, besides −h(τ, λ) ≥ 0, the conditionṡ
At the end points the usual conditions of the OG gauge are
This in particular means that at the end points the induced metric h αβ has zero rank.
Let us remark that if one chooses coordinates such thaṫ
then the condition h = 0 implies two possible situations at the end points:
, withẋ µ and x ′ µ independent andẋ µ = 0. This is a regular case (the Jacobian of the map (τ, λ) → x µ has maximal rank 2). In this case the rank of the induced metric h αβ is 1, and the end points of the string describe null surfaces [13] . There is the possible caseẋ µ = 0, which is a singular case (the Jacobian of the map (τ, λ) → x µ has rank 1).
ii)
This is a singular case (where we may have Π µ = 0 as well as Π µ = 0). The case x ′ µ = 0, corresponding to the OG, may be considered as a particular case of (ii): OG is a singular case.
As a consequence, to describe the solutions of the classical equations of motion in a class of gauges including as a special case the OG, we have to work with the class (ii), that is necessarily with singular coordinates.
To check whether the boundary condition h | π 0 = 0 is preserved in a singular case (since it was deduced in the regular one), one may perform a transformation from regular coordinates to those which will become singular at the end points, in the interior of the interval (0, π), that is from the class (i) to the class (ii). As shown in Ref. [14] , and more explicitly in Section I1 of Appendix I of Ref. [10] , the Jacobian of the transformation vanishes as √ λ in λ = 0 (and in an analogous way in ±π), so ensuring, a fortiori, the vanishing of the new h at the end points. So we will assume the boundary conditions (2.11), with a choice of coordinates falling into class (ii). In order to completely define the physical hypotheses, we will assume that the total momentum of the string P µ be such that P 2 ≥ 0, with P µ = 0. As shown in Section I2 Appendix I of Ref. [10] , this ensures a unique solution at the end points of the string with P µ and Π µ finite.
The previous discussion and the boundary conditions (2.8) suggest the usefulness of the following extension from the interval (0, π) to (−π, π) 12) and to the real line with 2 π periodicity. Let us stress that, with this kind of boundary conditions, the function x ′ µ (τ, λ), extended to all the real axis, may be discontinuous in λ = 0, π.
The solutions of Eqs. (2.9) satisfying Eqs.(2.10) are
where u = τ ± λ, and where
is the conserved total momentum. The last of Eqs. (2.13) is a consequence of the OG conditions, and
is the coordinate of the end point at λ = 0. In terms of Q µ Eqs.(2.13) imply 1
The coordinates of the other end point are
In Ref. [15] it is shown that the end points suffer a constant translation of 2 P µ N for every ∆τ = 2 π, and that for ∆τ = π the distance between them is P µ N . Their motion is given by a double helix with these periods. Q µ (τ ) is a relevant function, because the transverse conformal invariant oscillators defined in Ref. [16] 
, and the vertex of the dual models exp (iQ + (z)) are defined in terms of it [17] . The Cauchy problem for the equations (2.9) is defined in Ref. [18] .
The residual invariance group in the OG is given by the conformal transformations holding the end points λ = 0, π fixed:
a n cos nλ exp (−i n τ ),
a n sin nλ exp (−i n τ ), (2.16) and the Jacobian is To completely fix the gauge one has to add a further condition, for instance of the kind [19] 
where t µ is a constant vector. In the usual light-cone gauge one has t µ = (1; 0, 0, 1), so that we have [compare with Eq. (2.13)]
In Ref. [20] it was noticed that, while in a time-like gauge, t µ = (1; 0) and f o (u) = 0, every solution of Eq. (2.9) can be made to satisfy equation (2.18) because P 0 = 0, in the light-cone gauge solutions exist which cannot satisfy equation (2.18) . See the discussion in Ref. [10] on how to recover these solutions in the Hamiltonian approach by introducing the following Poisson structure.
As a consequence of the previous discussion, in order to define a Poisson structure in the phase-space in Refs. [8, 10, 11] the following extension of the coordinates outside the interval (0, π) was used
where n is an integer, with the points λ = 2 n π, for any n (or λ = (2 n + 1) π, for any n), corresponding to the boundary values x µ (τ, 0) and P µ (τ, 0) (or x µ (τ, π) and P µ (τ, π)) as limit values from the open interval (0, π).
With the kind of chosen boundary conditions and with this kind of extension to the real axis, the functions x ′ µ (τ, λ) and P ′ µ (τ, λ) will have in λ i (i = 1, 2; λ 1 = 0, λ 2 = π) a jump, not present in the OG. This means that we must define the physical values of these functions as limit value from the open interval (0, π), since the Fourier series will converge point-wise to the mean value of the left and right limits at the end points, that is to unphysical values. Following Ref. [19] we introduce the following Poisson structure
where ∆ + (λ, λ ′ ) is an even delta function with period 2π, defined in Eqs.(A1) and (A3) of Appendix A.
This definition implies a suitable definition of the functional derivative
More generally the Poisson bracket for two canonical variables A(λ), B(λ) has the form
Since there can be a dependence on x ′ (τ, λ), we must check if some boundary term is present [21, 22] .
The naive center-of-mass coordinates of the string are
where P µ is the conserved generator of the space-time translations. The following relative coordinates have been introduced in Ref. [10] 25) with the following properties 26) and the following inversion
It may be checked that the coordinates (2.24) and (2.25) constitute a basis of canonical variables
with all the other Poisson brackets vanishing. Here ∆ − (λ, λ ′ ) is the odd delta function with period 2π defined in Eq.(A2).
The constraints implied by equation (2.6) arē
The following equivalent expression is given in terms of the functions A
(2.30) They satisfy the algebra [10] 
Therefore the constraints are 1 st -class, but they are in weak involution; the algebra (2.31) is the universal Dirac algebra of reparametrization. 5 As shown in Ref. [10] one has
After this review of the standard descriptions of the open Nambu string, we will reformulate it as a parametrized Minkowski theory in the next Section. We will define different configuration variables, but we will save the periodicity conditions and the Poisson structure with the ∆ ± delta functions.
III. THE NAMBU STRING AS A PARAMETRIZED MINKOWSKI THEORY.
As was done for scalar relativistic particles in Refs. [1, [3] [4] [5] [6] , we can also describe the open Nambu string by means of a parametrized Minkowski theory.
To formulate this theory we need the 3+1 point of view, in which we assign: a) the world-line of an arbitrary time-like observer; b) an admissible 3+1 splitting of Minkowski space-time, namely a nice foliation with space-like instantaneous 3-spaces (i.e. a clock synchronization convention). This allows one to define a global non-inertial frame centered on the observer and to use observer-dependent Lorentz-scalar radar 4-coordinates σ A = (τ ; σ r ), where τ is a monotonically increasing function of the proper time of the observer and σ r are curvilinear 3-coordinates on the instantaneous 3-spaces Σ τ having the observer as origin. If x µ → σ A (x) is the coordinate transformation from the inertial Cartesian 4-coordinates x µ to radar coordinates, its inverse σ A → x µ = z µ (τ, σ r ) defines the embedding functions z µ (τ, σ r ) describing the 3-spaces Σ τ as embedded 3-manifold into Minkowski spacetime. The induced 4-metric on Σ τ is the following functional of the embedding
are the lapse and shift functions).
The foliation is nice and admissible if it satisfies the conditions: 1) N(τ, σ r ) > 0 in every point of Σ τ (the 3-spaces never intersect, avoiding the coordinate singularity of Fermi coordinates); 2)
4 g τ τ (τ, σ r ) > 0, so as to avoid the coordinate singularity of the rotating disk, and with the positive-definite 3-metric 3 g rs (τ, σ u ) = − 4 g rs (τ, σ u ) having three positive eigenvalues (these are the Møller conditions [3] ); 3) all the 3-spaces Σ τ must tend to the same space-like hyper-plane at spatial infinity (so that there are always asymptotic inertial observers to be identified with the fixed stars).
In parametrized Minkowski theories one considers any isolated system (particles, strings, fields, fluids) admitting a Lagrangian description, because it allows, through the coupling to an external gravitational field, the determination of the matter energy-momentum tensor and of the ten conserved Poincare' generators P µ and J µν (assumed finite) of every configuration of the system. Then one replaces the external gravitational 4-metric in the coupled Lagrangian with the 4-metric g AB (τ, σ r ) of an admissible 3+1 splitting of Minkowski space-time and the matter fields with new ones knowing the instantaneous 3-spaces Σ τ . For instance for a relativistic particle with world-line x µ (τ ) we must make a choice of its energy sign: then it will be described by 3-coordinates η r (τ ) defined by the intersection of the world-line with Σ τ :
Differently from all the previous approaches to relativistic mechanics, the dynamical configuration variables are the 3-coordinates η r i (τ ) and not the world-lines x µ i (τ ) (to rebuild them in an arbitrary frame we need the embedding defining that frame!).
With this procedure we get a Lagrangian depending on the given matter and on the embedding z µ (τ, σ r ), which is invariant under frame-preserving diffeomorphisms. As a consequence, there are four first-class constraints (an analogue of the super-Hamiltonian and super-momentum constraints of canonical gravity) implying that the embeddings z µ (τ, σ r ) are gauge variables, so that all the admissible non-inertial or inertial frames are gauge equivalent, namely physics does not depend on the clock synchronization convention and on the choice of the 3-coordinates σ r .
Let us now consider the Nambu action re-written on space-like hyper-surfaces Σ τ , leaves of an admissible 3+1 splitting of Minkowski space-time, identified by the embeddings x µ = z µ (τ, σ). Let the world-sheet of the string in Minkowski space-time be parametrized as
.
Namely on each instantaneous 3-space Σ τ the string is described by the curvilinear coordinates η r (τ, λ) with λ ∈ (0, π) and by conjugate 3-momenta κ r (τ, λ). We use the notatioṅ
for the partial derivatives of η r (τ, λ) with respect to τ and λ, respectively. We have two different theories for the two signs of the total energy sign P o . We shall consider only the sector with P o > 0.
Like the world-lines in the case of particles, the coordinates x µ (τ, λ) are derived quantities and the old 4-momenta P µ (τ, λ) are not defined. In the case of particles one can define a derived quantity P µ satisfying the mass-shell constraint P 2 = m 2 . Also in the string case in the inertial frames one can define the following 4-vector
Only the transversality constraints, i.e. the counterpart of P (τ, λ) · x ′ (τ, λ) ≈ 0, will remain. They are the generators of the passive diffeomorphisms along the string and say that the longitudinal degree of freedom is a gauge variable.
The action (2.1) becomes
3)
The canonical momenta conjugate to the configuration variables z µ (τ, σ) and η(τ, λ)
are the lapse and shift functions respectively; γ rs is the inverse of 4 g rs )
with {η
With the extension η Besides the constraints implying the independence from the foliation
we get the following transversality constraints
All the constraints are first class. In particular we have the following Poisson brackets implying the diffeomorphism algebra (the analogue of the last line in Eqs.(2.31))
The Poincare' generators are
The description of the string in non-inertial frames could be done by using Ref. [3] . Instead in the next Section we will study its rest-frame instant form.
IV. THE REST-FRAME INSTANT FORM OF THE NAMBU STRING.
If we restrict ourselves to inertial frames, we can define the inertial rest-frame instant form of dynamics for isolated systems [4] [5] [6] by choosing the 3+1 splitting corresponding to the intrinsic inertial rest frame of the isolated system centered on an inertial observer: the instantaneous 3-spaces, named Wigner 3-space due to the fact that the 3-vectors inside them are Wigner spin-1 3-vectors, are orthogonal to the conserved 4-momentum P µ of the configuration.
As said in the Introduction in the inertial rest frames we can give the final solution to the old problem of the relativistic extension of the Newtonian center of mass of an isolated system. In its rest frame there are only three notions of collective variables, which can be built by using only the Poincare' generators (they are non-local quantities knowing the whole Σ τ ): the canonical non-covariant Newton-Wigner center of mass (or center of spin), the non-canonical covariant Fokker-Pryce center of inertia and the non-canonical non-covariant Møller center of energy. All of them tend to the Newtonian center of mass in the non-relativistic limit. As shown in Refs. [4] these three variables can be expressed as known functions of the rest time τ , of the canonically conjugate Jacobi data (frozen Cauchy data) z = M x N W (0) ( x N W (τ ) is the standard Newton-Wigner 3-position) and
, of the invariant mass M = √ P 2 of the system and of its rest spin S .
As a consequence, every isolated system (i.e. a closed universe) can be visualized as a decoupled non-covariant collective (non-local) pseudo-particle described by the frozen Jacobi data z, h carrying a pole-dipole structure, namely the invariant mass and the rest spin of the system, and with an associated external realization of the Poincare' group. The universal breaking of Lorentz covariance is connected to the decoupled non-local collective variable z. As already said in each Wigner 3-space there is an unfaithful inner realization of the Poincare' algebra, whose generators M, k ≈ 0, S , K ≈ 0 are built by using the energymomentum tensor of the isolated system. The three pairs of second class constraints k ≈ 0, K ≈ 0 (the inner Lorentz boosts are interaction dependent), eliminate the six degrees of freedom of the inner center of mass and identify the observer origin of the 3-coordinates σ r with the covariant non-canonical Fokker-Pryce center of inertia. The invariant mass M, which depends only on the Wigner-covariant relative variables (like the rest spin S ), is the effective Hamiltonian inside the Wigner 3-spaces as shown in Ref. [4] .
The Wigner hyper-planes are defined by the embeddings 
The open string and its end points have the following representation [˙ η
where the expression of the Fokker-Pryce center of inertia, as a function of τ , z, h, M = √ P 2 and S , was taken from Ref. [4] .
This shows that inside the Wigner 3-spaces the open string is described by the Wigner spin-1 3-vectors η(τ, λ), κ(τ, λ)
7 as independent canonical variables. To them we must add P µ of Eq.(3.8) and a canonically conjugate collective variablex µ and then replace them with the final center-of-mass variables z and h. 6 It sends the time-like four-vector P µ to its rest-frame form 
It turns out that the relevant collective variable to be added is the external canonical non-covariant 4-center of massx µ (τ ). From Ref. [4] we have the following expressions for x µ (τ ) in terms of τ , z, h, M = √ P 2 and S , and for the Lorentz generators J µν of Eq.(3.8)
(included the definition of the rest-frame spin S )
The external Poincare' generators are [while i, j.. are Euclidean indices, r, s.. are Wigner spin-1 indices;S µν is given in Eq.(4.
3)]
As a consequence the scalar product of two of these 3-vectors is a Lorentz scalar.
Note that bothL µν =x µ P ν −x ν P µ andS µν are conserved.
Inside the Wigner 3-spaces the Poincare' generators (3.8) take the following form
As a consequence, inside the Wigner hyper-plane there is the following unfaithful realization of the Poincare' algebra, whose inner generators are
As already said, while k ≈ 0 is the rest-frame condition, K r ≈ 0 eliminates the inner center of mass inside the Wigner hyper-planes and, as shown in Ref. [4] , implies that the embedding (4.1), defining them, is centered on the inertial covariant non-canonical Fokker-Pryce center of inertia Y µ (τ ). The rest-frame condition k ≈ 0 impliesẋ µ s (τ ) =ẋ µ (τ ) =Ẏ µ (τ ) = u µ (P ), i.e. the velocities are all parallel to P µ , so that there is no classical zitterbewegung.
We must now find a canonical basis of relative variables inside the Wigner 3-spaces by defining a rest-frame instant form analogue of Eqs. (2.25)-(2.27). This can be done with the following canonical transformation
,
In the new canonical basis the inner Poincare' generators and the first class constraints take the following form [in accord with Eq.(3.7)]
The conditions K r ≈ 0 eliminating the inner center of mass give the following determination of the collective variable η(τ )
(4.9)
Since we have { k, χ(τ, λ)} = 0, the gauge fixings K ≈ 0 lead to the Dirac bracket {χ(τ, λ), χ(τ, λ ′ )} * = {χ(τ, λ), χ(τ, λ ′ )}, namely Eqs.(4.8) remain unchanged.
V. THE FRENET-SERRET CANONICAL BASIS
The next step is to find a canonical transformation from the canonical basis (4.7) for the relative variables to a new basis also adapted to the transversality constraints given in Eqs. (4.8) . This can be done by using a Frenet-Serret (FS) description of the vectors tangent and normal to the string (see Ref. [23] ).
The unit tangentt(τ, λ),t 2 (τ, λ) = 1, to the string inside the Wigner hyper-plane and the final expression of the transversality constraint and of the invariant mass arê
The density of invariant mass depends upon the gauge variable s(τ, λ), which describes the arc-length along the string 8 .
In the gauge s(τ, λ) = λ, h(τ, λ) = 1, y(τ, λ) = −t(τ, λ) we have
let us call this gauge the FS gauge.
Since we have
we get an Abelianization of the transversality constraints with the new Poisson brackets
On the Euclidean Wigner 3-space Σ τ the open string is described by the Wigner 3-vector η(τ, λ) with λ ∈ (0, π). Lett(τ, λ),n(τ, λ) andb(τ, λ) be the unit tangent, unit normal and unit binormal 3-vectors to the string η(τ, λ) inside the Wigner hyper-plane. Since s = s(τ, λ) is the arc-length along the string, the FS formulas are
where ρ 1 (τ, λ) is the curvature of the string and ρ 2 (τ, λ) its torsion. These two quantities are Wigner 3-scalars and therefore Lorentz scalars.
The tangent vector, defined in Eq.(5.1), can be parametrized with two angles θ(τ, λ), φ(τ, λ), allowing one to find the following ortho-normal triad t (τ, λ),
The first FS equation becomes
Moreover we havê
Let us remark that the tangents at the end points are determined by
Therefore, we have
Let us also remark that the negative parity of the variable y(τ, λ) = − y(τ, −λ) implieŝ t(τ, −λ) = −t(τ, λ), so that from Eqs.(5.4) we get cos θ(τ, −λ) = −cosθ(τ, λ). But this implies θ(τ, −λ) = θ(τ, λ) + π. Due to these discontinuities the description using the angles θ(τ, λ) and φ(τ, λ) must be restricted to the interval (0, π), so that the distributions △ ± (λ, λ ′ ) will be restricted to δ(λ − λ ′ ) from now on.
The previous geometrical description of the string suggests to replace the canonical basis of relative variables y(τ, λ), P(τ, λ), with a new canonical basis defined by the following point canonical transformation
The point canonical transformation (5.7) (the old momenta are linearly connected to the new one) has the following generating function
The equations
imply π s = ∂ λ P ·t , 10) so that the expression of the old momenta in terms of the new ones is
We have the following relation between π s and the Abelianized constraint π χ
As a consequence, the functions θ(τ, λ) and φ(τ, λ) are not gauge invariant. To find the two corresponding Dirac observables we have to solve the following multi-temporal equations (generated by the constraint χ(τ, λ) ≈ 0), which determine the dependence of θ(τ, λ) and φ(τ, λ) on the gauge variable s(τ, λ)
If we introduce the following ansatz
and we remember the results χ(τ, λ) = ∂ λ s(τ, λ) π χ (τ, λ) and {s(τ, λ), χ(τ, λ 1 )} = ∂ λ s(τ, λ) δ(λ − λ 1 ), then we have
Therefore a possible set of configurational Dirac observables for the open Nambu string is
As a consequence, after the canonical transformation (5.7) we must do another Shanmugadhasan point canonical transformation leading to a canonical basis adapted to the Abelianized constrains π χ (τ, λ) ≈ 0 and containing a canonical basis of Dirac observables for the open string
The generating function of the point Shanmugadhasan canonical transformation (5.17) is
The explicit expression of the new momenta is
We use θ(τ, λ) =θ(τ, s(τ, λ)), φ(τ, λ) =φ(τ, s(τ, λ)) and then we havet(τ λ) s(τ, λ) ).
We use ∂ sθ (τ, s(τ, λ)) = ∂ λ θ(τ, λ)/∂ λ s(τ, λ), the analogous formula forφ and
The invariant mass becomes
We can now restrict ourselves to the FS gauge s(τ, λ) ≈ λ, which identifies the parameter λ with the arc-length along the open string. In this way the open string is completely described in terms of the external center of mass (the frozen Jacobi data z and h) and of the Dirac observablesθ, πθ,φ, πφ. In the FS gauge we get (the Fokker-Pryce center of inertia
where Eq.(4.9) was used.
The resulting Hamilton equations for the Dirac observables must be integrated with the boundary conditions˙ η
, which imply that the end points of the string η A (τ ) = η(τ, A), A = 0, π, move on null curves. Note that we have
The Hamilton equations generated by the Hamiltonian M are
This series of point canonical transformations should be completed with the following one
in which the Dirac observablesθ, πθ,φ, πφ, are replaced with the Lorentz scalar Dirac observables ρ 1 , π 1 , ρ 2 , π 2 given in Eqs.(5.21). Since we have ρ 1 (τ, λ) ≥ 0 and ρ 2 (τ, λ) ≥ 0, these variables are like radial variables 11 .
Regarding the last canonical transformation (5.23), we knowρ i =ρ i (θ,φ), i = 1, 2, from Eqs.(5.21), but not the inversionθ =θ(ρ i ),φ =φ(ρ i ). Therefore we can only define the generating function of the inverse canonical transformation
It can giveπ i =π i (θ, πθ,φ, πφ), linear in πθ and πφ.
However, to find the expression of the invariant mass M we need the inversionθ(ρ i ),
11 In trying to quantize them one should use the non-canonical basis r and r p r , the only one which would give meaningful commutators due to r ≥ 0. 12 The existence of the inversion is assured by theorem (7.5) in chapter 7 of Ref. [23] . It implies that, according to the fundamental theorem for curves, the embedding functions η(τ, λ), and therefore y(τ, λ) =t(τ, λ) = −∂ λ η(τ, λ), can be obtained from the Frenet-Serret curvaturesρ i (τ, λ) by quadratures.
VI. PARTICLE-LIKE VARIABLES FOR THE TRANSVERSE OSCILLATIONS AND THE PROBLEM OF QUANTIZATION.
Since we cannot find explicitly the canonical transformation to the canonical basis of Dirac observables ρ i , π i , whose inverse is defined in Eq.(5.23), let us look for a different canonical basis of Dirac observables, which avoids the angles because they cannot be quantized consistently.
If we interpret the angles and their conjugate momenta as angle-action-like variables, the following canonical transformation emerges in a natural way [N/c has dimensions m t −1 like m ω in the harmonic oscillator H =
The particle-like variables qθ(τ, λ), pθ(τ, λ), qφ(τ, λ), pφ(τ, λ) describe the transverse oscillations of the Nambu string.
We get 13 13 We use
and then we make the substitutions:
so that we have
We get the following spin vector [non-linear realization of O(3)]
Eqs.(6.4) are well defined either if qθ(τ, λ) = 0 for every λ or if pθ(τ, λ)/qθ(τ, λ) tends to a finite limit for qθ(τ, λ) → 0.
Finally we can introduce a canonical basis a i (τ, λ), a * i (τ, λ), i = 1, 2, of quantities which are the classical background for two sets of creation and annihilation operators
In terms of these variables the invariant mass and the rest spin have the following expression 
VII. CONCLUSIONS
In this paper we have developed the rest-frame instant form of the open Nambu string (the closed one could be treated in the same way). The string can be described as a frozen decoupled non-local canonical non-covariant Newton-Wigner center of mass ( z, h) plus a canonical basis of Wigner-covariant relative variables restricted by transversality first-class constraints implying that only modes orthogonal to the string are physical. The NewtonWigner center of mass carries a universal external realization of the Poincare' algebra, which depends on the string relative variables only through the invariant mass M and the rest-spin S .
We have found two canonical bases of gauge invariant Dirac observables by using FrenetSerret geometrical methods and by Abelianizing the transversality constraints.
The first canonical basis of Dirac observables is of the type of action-angle variables and it can be reformulated in terms of two sets of transverse oscillators, giving rise to a non-linear realization of the O(3) algebra of the rest spin (like in a σ-model).
The second one, where the Dirac observables are Lorentz scalars, is only implicitly known. In it the Dirac observables are the Frenet-Serret curvature and torsion of the string plus the conjugate momenta.
Let us end with some comments on canonical quantization. In the usual approach one first quantizes and then makes the reduction to the physical states by imposing the quantum constraints expressed in terms of Fock operators satisfying the Virasoro algebra. This is done in the light-cone gauge and only in the critical dimension dimension d = 26 does one get a quantum realization of the Poincare' algebra. There is a tachyon and a naive treatment of the relativistic center of mass. The papers in Refs. [8, 11, 24] (and [12] for the closed string) were attempts to find Wigner-covariant classical oscillators for this approach.
Another stimulus to develop the rest-frame instant form came from Ref. [25] , were the string was studied with the techniques of the inverse scattering methods (Lax pairs). This allowed one to find a recursive relation for building action-angle variables (with the action ones globally defined) and then special oscillators giving rise to rising Regge trajectories and without tachyons. The final statement of this approach was that a certain family of motions of the string without cusp singularities ("smooth strings") can be quantized in dimension d = 4. However one has still to solve the constraints at the quantum level.
Instead in Refs. [26] [27] [28] there is the definition of an infinite-dimensional algebra of gaugeinvariant conserved charges (including the Poincare' generators), the so-called PohlmeyerRehren constants of the motion. Again the center of mass is treated in a naive way. These charges are quantized in dimension d = 4 with methods of algebraic quantization by means of a deformation of the algebra which is supposed to be without anomalies (a final proof is still lacking). See the review in Ref. [29] , where a different quantization in the framework of loop quantum gravity is tried. However, not withstanding all the technical developments, it is shown in Ref. [30] that this quantization is not equivalent to the standard canonical quantization with a Fock space: in every dimension there are anomalies if the invariant charges are quantized in a Fock space.
The classical results of this paper may be relevant for the approach "first reduce and then quantize", which generically is inequivalent to the standard one.
The open problem with our approach concerns the quantization method. Since actionangle variables cannot be quantized consistently due to the angles [31] , one should quantize the non-linear realization of the O(3) algebra plus the invariant mass. Due to the complexity of the non-linear realization of O(3), this is a highly non-trivial problem and any result would be welcome (for instance a statement on the existence of critical dimensions). As shown in Ref. [32] the canonical quantization of the frozen decoupled canonical Newton-Wigner center of mass can be done in a way which avoids the causality problems connected with the Hegerfeldt theorem (instantaneous spreading of wave packets) and allows one to define an intrinsic Wigner-covariant inner space of rest relative variables. Moreover the non-locality of the non-covariant center of mass makes it not observable (like the wave function of the universe!) and this makes its universal non-covariance irrelevant. If M and S can become self-adjoint operators with the spin operator satisfying the O(3) algebra and commuting with the invariant mass operator then there is no problem in quantizing the external Poincare' algebra.
The same scheme should be used if we could express the invariant mass and the rest spin in terms of the FS curvature and torsion and of the conjugate momenta. However, since we have ρ 1 (τ, λ) ≥ 0 and ρ 2 (τ, λ) ≥ 0, these variables are like radial variables and in trying to quantize them one should use the non-canonical basis r and r p r , the only one which would give meaningful commutators due to r ≥ 0.
